The structures of Ne, Na, Mg, Al, Si, P and S nuclei near the neutron drip-line region are investigated in the frame-work of relativistic mean field theory and non-relativistic Skyrme Hartree-Fock formalism. The recently discovered nuclei 40 Mg and 42 Al, which are beyond the drip-line predicted by various mass formulae are located within these models. We find many largely deformed neutron-rich nuclei, whose structures are analyzed. From the structure anatomy, we find that at large deformation low Ω orbits of opposite parities (e.g. 
Introduction
The structure of light nuclei near the neutron drip-line is an interesting topic for a good number of exotic phenomena. Nuclei in this region are quite different in collectivity and clustering features than their stable counterpart in the nuclear chart. For example, the neutron magic property is lost for N = 8 in 12 Be [1] [2] [3] and N = 20 in 32 Mg [4] . The unexpectedly large reaction cross-section for 22 C gives an indication of neutron halo structure [5] . The discovery of large collectivity of 34 Mg by Iwasaki et al. [6] is another example of such exotic properties. The deformed structures, core excitation, and the location of the drip-line for On the other hand, the appearance of N = 16 as magic number in 24 O and the existence of neutron halo in 11 Li are established observations [9] . However, the proposed proton [10] ( 8  B) and neutron [11] [12] [13] halo ( 14 Be, 17 B, 31 Ne) in the exotic nuclei are currently under investigation. In addition to these, the cluster structure of the light mass nuclei and skin formation in neutron-drip isotopes motivate us to study of light mass drip-line nuclei. In this paper, our aim is to study the neutron drip-line for the Ne−S isotopic chain in the framework of the relativistic mean field (RMF) and nonrelativistic Skyrme HartreeFock (SHF) formalisms and analyze the features of large quadrupole deformation of these isotopes.
The paper is organized as follows: The RMF and SHF formalisms are described briefly in Section II. The results obtained from our calculations are discussed in Section III. Finally, a summary and concluding remarks are given in Section IV.
The formalism
Mean field methods like SHF and RMF have been widely used in the study of binding energies, root mean square radii, quadrupole deformation, and other bulk properties of nuclei [14, 15] . In general, one can say that although older parametrizations of SHF and RMF have some limitations in predicting experimental observables, recent version are good enough to reproduce the bulk properties not only near the β−stability line but also far away from it. Here, we use these two successful models [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] to learn about the properties of drip-line nuclei Ne−S.
The Skyrme Hartree-Fock (SHF) method
The general form of the Skyrme effective interaction used in the mean-field model can be expressed as a Hamiltonian density [16] [17] [18] [19] [20] [21] [22] . This is written expressed as a function of some empirical parameters given as:
where is the kinetic energy term, 0 the zero range, 3 the density dependent, and the effective-mass dependent terms, which are relevant for calculating the properties of nuclear matter. These are functions of 9 parameters , ( = 0 1 2 3) and η, and are given as 
4 ρ ∇ · J + 4 (ρ ∇ · J + ρ ∇ · J ) (6) Here, the total nucleon number density ρ = ρ + ρ , the kinetic energy density τ = τ + τ , and the spin-orbit density J = J + J . The subscripts and refer to neutron and proton, respectively. The nucleon mass is represented by . J = 0, = or , for spin-saturated nuclei, i.e., for nuclei with major oscillator shells completely filled or empty. The total binding energy (BE) of a nucleus is the integral of .
The relativistic mean field (RMF) method
The relativistic mean field approach is well-known and the theory is well documented [23] [24] [25] [26] [27] [28] . Here we start with the relativistic Lagrangian density for a nucleon-meson manybody system as:
All the quantities have their usual meanings. From the relativistic Lagrangian, we obtain the field equations for the nucleons and mesons. These equations are solved by expanding the upper and lower components of the Dirac spinor and the boson fields in an axially deformed harmonic oscillator basis. The set of coupled equations is solved numerically by a self-consistent iteration method. The total energy of the system in RMF formalism is given by
where E is the sum of the single particle energies of the nucleons and E σ , E ω , E ρ , E , E , E are the contributions of the meson fields, the Coulomb field, pairing energy, and the center-of-mass energy, respectively.
Pairing correlation
To take care of the pairing correlation for open shell nuclei, the constant gap BCS-approach is used in our calculations. The pairing energy expression is written as:
with G=pairing force constant, and 2 and 2 = 1 − 2 are the occupation probabilities [31, 32] . The variational approach with respect to 2 gives the BCS equation [31] 2
. The occupation number is defined as:
The chemical potentials λ and λ are determined by the particle numbers for neutrons and protons. The pairing energy is computed as E = −
>0
. For a particular value of and G, the pairing energy E diverges, if it is extended to an infinite configuration space. In fact, in all realistic calculations with finite range forces, the contribution of states of large momenta above the Fermi surface (for a particular nucleus) to decreases with energy. We use a pairing window, where the equations are extended up to the level | − λ| ≤ 2(41A
−1/3
). The factor of 2 has been determined so as to reproduce the pairing correlation energy for neutrons in 118 Sn using Gogny force [23, 32, 33] . The values of and are taken from [34] , as input in the BCS-equation. We compare the results with various simple and sophisticated pairing prescriptions like BCS-delta force [35] and BCS density dependent delta force [36] . These calculations have been done only for 20 Ne and 47 Al nuclei in both SkI4 and NL3 force parameter sets. We have given these results in Table 1 along with experimental results such as quadrupole deformation parameter β 2 [37] , total binding energy (BE) [38] , and root mean square charge radius ( ) [39] . We find that, for this lighter mass region of the periodic chart, pairing is less important for the majority of cases. With pairing, the deformation becomes negligible for 20 Ne and we do not get the experimental deformation parameter in RMF calculations. With no pairing, we reproduce substantially the deformation parameter in RMF because the density of states near the Fermi surface for such light nuclei are small and not conducive to pairing [40, 41] . To understand the influence of pairing on open shell nuclei, we have taken into account the experimental data, wherever available. The SHF(SkI4) results are used as guidelines in the absence of these data. We realized after comparing the calculated β 2 from RMF and SHF with experimental data that the quadrupole deformation of SHF is closer to experiment without taking pairing correlation into account. For example, when we use the and from the experimental binding energy of odd-even values or from the empirical formula of Ref. [34, 42] to calculate β 2 for 20 22 24 26 28 Ne in RMF(NL3), we find β 2 ∼ 0 18 0 35 0 19 0 0 0 0, respectively, for these isotopes, agreeing with the result of Lalazissis et al [43] . These β 2 strongly disagree with the measured values (β 2 ( ) = 0 723 0 562 0 45 0 498 0 50) [37] . Similar effects are also seen in other considered isotopes. On the other hand, if we ignore pairing, then the calculated results are often better and these β 2 are quite close to the experimental data. The influence of pairing is also visible in the total binding energy. In some of the cases, even a couple of MeV difference in total binding energy is found with and without taking pairing correlation into account in RMF formalism. Contrary to the RMF, the pairing in the SHF formalism is almost insensitive to quadrupole deformation for the considered mass region. Thus, we have performed the calculations through out the paper without consideration of pairing.
Pauli blocking and harmonic oscillator basis
For even-even nucleus the ± orbits are pairwise occupied and the mean field has time reversal symmetry. But in the case of an odd nucleon the time reversal symmetry is broken. To take care of the odd nucleon, we employ the blocking method [44] . We put the last nucleon in one of the conjugate states ±m and keep the other state empty. In this way we follow the time reversal symmetry for oddeven and odd-odd nuclei. We repeat this calculation by putting the odd nucleon in all of the nearby states of the conjugate level to determine the maximum binding energy of the ground state [44, 45] .
In our present calculations the nuclei are treated as axialsymmetrically deformed, with the -axis as the symmetry axis. Spherical symmetry is no longer present in general and therefore is not a good quantum number any more. Because of axial symmetry, each orbit is denoted by the quantum number of J and is a superposition of | > states with various values. The densities are invariant with respect to a rotation around the symmetry axis. For numerical calculations, the wavefunctions are expanded in a deformed harmonic oscillator potential basis and solved self-consistently in an iteration method. The major oscillator quanta for Fermion N F and bosons N B are taken as N = 12. The convergence of our numerical results is tested in Fig. 1 for BE, matter radius , and quadrupole deformation parameter for some selected nuclei like 48 Al, 49 Si, and 56 S. Here, the results are estimated from N F = N B = 8 to N F = N B = 18, and are shown in Fig. 1 . From this analysis, we observed that the β 2 values are almost identical with the variation of oscillator quanta. However, the rms radii and binding energy vary until N F = N B = 12, beyond which the results are unchanged. It is well known that a harmonic oscillator basis is not suitable in dripline nuclei due to the asymptotic behavior of the density distribution. To resolve this problem, efforts have been made for solving the equations in coordinate space [46] [47] [48] . Some other kinds of bases like the transformed harmonic oscillator basis [49] , the Gaussian expansion method [50] , and the Woods-Saxon basis [51, 52] are also available in literature. The inclusion of a sufficiently large harmonic oscillator model space gives reasonably convergent results. This type of prescription is already done in Ref. [53] . However, to include continuum effects fully more work has to be done (by use of basis of finite potentials and inclusion of correlation effects in a Hartree-Bogoliubov scheme [54] ).
Ground state properties from the SHF and RMF models
Certainly, for light mass nuclei the correction of centre of mass motion can not be ignored and it should be done self-consistently. That means, in the evaluation of centreof-mass energy, one should evaluate
using |F >= |F > RMF wavefunction. In this case, one has to calculate the matrix elements directly. However, this procedure is more involved and in the present calculations we have subtracted the spurious centre-of-mass motion using the Elliott-Skyrme approximation, where the approximate analytical expression is written as
MeV (harmonic oscillator approximation) with A is the mass number [55] [56] [57] , and expect that the two results should not differ drastically. The quadrupole moment deformation parameter β 2 is evaluated from the resulting proton and neutron quadrupole moments through:
where R = 1.2A 1/3 . The root mean square radii of protons and matter distribution are defined as 2 
tively, where Z is the proton number and ρ ( ⊥ ) is the deformed proton and ρ( ⊥ ) is the total nucleon density distribution. The proton and charge rms radius is connected through the relation = 2 + 0 64 [45] .
We use the well known NL3 parameter set [58] for the RMF formalism. This set not only reproduces the properties of stable nuclei but also predicts well for those far from the β-stability valley. Also, the isoscalar monopole energy agrees excellently with the experimental values for different regions of the Periodic Table. The measured superdeformed minimum in 194 Hg is 6.02 MeV above the ground state, whereas in the RMF calculation with NL3 set, this number is 5.99 MeV [58] . For the SHF model, we use the Skyrme SkI4 set with 4 = 4 [29] . This parameter set is designed for considerations of proper spin-orbit interaction in finite nuclei, related to the isotope shifts in the Pb region, and is better suited for the study of exotic nuclei. Several more recent Skyrme parameters such as SLy1-10, SkX, SkI5, and SkI6 are obtained by fitting the Hartree-Fock (HF) results with experimental data for nuclei starting from the valley of stability to neutron and proton drip-lines [16, 29, 30, 59 ].
Results and discussions
The binding energy BE, rms charge radius , and quadrupole deformation parameter β 2 of the isotopes of Ne, Na, Mg, Al, Si, P, and S are calculated near the drip-line region. For this, both the relativistic and nonrelativistic models are used.
Binding energy and neutron drip-line
The ground state binding energy (BE) for Ne, Na, Mg, Al, Si, P, and S isotopes are selected by comparing the binding energy obtained from the prolate, oblate, and spherical solutions for a particular nucleus. For a given nucleus, the maximum binding energy corresponds to the ground state and other solutions are obtained as various excited intrinsic states. In Table 2 , the ground state binding energy for the heaviest known isotopes for the discussed nuclei are compared with the experimental data [38] . The binding energy for 31 Ne is 216.0 MeV for RMF (NL3) and 213.2 and 211.4 MeV in SHF(SkI4) and experiment, respectively. Similarly, these results for 45 S respectively are 353.4, 350.4, and 354.7 MeV for RMF, SHF, and experiment. Analyzing the data of Table 2 , generally one finds that the BE of RMF is slightly overestimated and that in SHF is underestimated with respect to the experimental values. However, the overall agreement of the calculated energies are within an acceptable range with the experimental data. We have listed the neutron drip-lines in Table 3, which Table 3 . The predicted mass number of neutron drip-line for Ne, Na, Mg, Al, Si, P and S nucleus in RMF (NL3) and SHF (SKI4) parameter sets are compared with infinite nuclear matter (INM) mass model [60] , finite range droplet model (FRDM) [61] and the nuclei with the largest neutron numbers so far experimentally detected [38] (49) are obtained from the ground state binding energy for neutron-rich Ne, Na, Mg, Al, Si, P, and S nuclei. The drip-line is determined by setting the condition that the minimum value of two-neutron separation energy
The nuclei with the largest neutron numbers so far experimentally detected in an isotopic chain along with the extrapolated data are also displayed in the last column of Table 3 . The numbers given in parentheses are the experimentally extrapolated values [38] . To get a qualitative understanding of the prediction of neutron drip-line, we have compared our results with the infinite nuclear matter (INM) [60] and finite range droplet model (FRDM) [61] mass estimations. The RMF and SHF drip-lines coincide with each other for Ne, Mg, Al, and S. In case of Na and Si the RMF drip nuclei are found to be 3 and 6 units heavier than the SHF prediction. The INM predictions for drip nuclei are always on the heavier side than those from FRDM. From Table 3 , we find that the experimental effort has almost reached to the INM and FRDM prediction of drip nuclei for the lighter mass region.
The theoretical predictions of drip nuclei are very important after the discovery of 40 Mg and 42 Al [7] . These two nuclei are considered to be beyond the drip-line (neutronunbound) in some of the mass calculations [8, 62] . The discovery of these two isotopes suggests the existence of a drip-line somewhere in the heavier side. Thus, the study of these isotopes is beyond the scope of the existing mass models [8, 62] . In the present RMF/SHF calculations, the newly discovered 40 Mg and 42 Al are well within the dripline. Also, as a point of caution, it may be possible that if we allow triaxial deformation in the calculation then we may get one minimum as a saddle point and another one as a triaxial minimum. However, this calculation is out of the scope of our paper, as we are dealing with axial deformed code by using the NL3 and SkI4 parameter sets, where we mostly find similar results in both formalisms. These types of prescriptions are used in many of the earlier publications [63] .
Neutron configuration
Analyzing the neutron configuration for these exotic nuclei, we notice that for lighter isotopes of Ne, Na, Mg, Al, Si, P, and S the oscillator shell N = 3 is empty in the
However, the N = 3 shell gets occupied gradually with increasing neutron number. In the case of Na, N = 3 starts filling up at 33 Na 30 32 Mg the N = 3 shell has some occupation for the low-lying excited states near the Fermi surface. In Tables (4 − 6) the results for the ground state solutions are displayed. Thus, the prolate solutions have more binding than the oblate ones for Ne, Na, Mg, and S isotopes. In some cases, like 24−30 Ne the prolate and oblate solutions are in degenerate states. For example, 24 Ne has BE = 188.9 and 189.1 MeV at β 2 = 0 278 and −0 259 respectively. Contrary to this, the ground state solutions for Al and Si are mostly oblate. For example, 34 Al has BE = 269.9 and 275.1 MeV at β 2 = 0 159 and −0 108 respectively. In such cases, the prolate solutions are in lowlying excited intrinsic states. Note that in many cases, there exist low-lying superdeformed states.
It is important to list some of the limitations of the results due to the input parameters, mostly coming from E and E energies. As one can see from 
Quadrupole deformation
The ground and low-lying excited state deformation systematics for some of the representative nuclei for Ne, Na, Mg, Al, Si, P, and S are analyzed. In Fig. 2 , the ground state quadrupole deformation parameter β 2 is shown as a function of mass number for Ne, Na, Mg, Al, Si, P, and S. The β 2 value goes on increasing with mass number for Ne, Na, and Mg isotopes near the drip-line. The calculated quadrupole deformation parameter β 2 for 34 Mg is 0.59 which compares well with the recent experimental measurement of Iwasaki et al [6] (β 2 = 0 58 ± 0 06). It was found that this superdeformed state is 3.2 MeV above the ground band. Again, the magnitude of β 2 for the drip nuclei reduces with neutron number N and again increases. A region of maximum deformation is found for almost all of the nuclei, as shown in the figure. It so happens in cases like Ne, Na, Mg, and Al that the isotopes are maximally deformed, which may be comparable to superdeformed near the drip-line. For Al and Si isotopes, in general, we find oblate solutions in the ground configurations (see Table 5 ). In many of the cases, the low-lying superdeformed configuration are clearly visible and some of them can be seen in Fig. 2. 
Shape coexistence
One of the most interesting phenomena in nuclear structure physics is the shape coexistence [63] [64] [65] [66] . In some cases of the nuclei, considered to be near the drip-line, the ground state configuration accompanies a low-lying excited state. In a few cases, it so happens that these two solutions are almost degenerate in energy. For example, in the RMF calculation, the ground state binding energy of 24 Ne is 189.1 MeV with β 2 = −0 259 and the binding energy of the excited low-lying configuration at β 2 = 0 278 is 188.9 MeV. The difference in BE of these two solutions is only 0.179 MeV. Similarly the solution of prolate-oblate binding energy difference in SkI4 is 0.186 MeV for 30 Mg with β 2 = −0 183 and 0.202. These types of degenerate solutions are observed in most of the isotopes near the drip-line. It is worthwhile to mention that in the truncation of the basis space an uncertainty of ≤ 1 MeV in total binding energy may occur. However, this uncertainty in convergence does not affect determination of the shape co-existence, because both of the solutions are obtained by using the same model space of N F = N B = 12. To show this in a quantitative way, we have plotted the prolate-oblate binding energy difference (BE − BE ) in Fig. 3 . The left hand side of the figure is for relativistic and the right side is for nonrelativistic results. From the figure, it is clear that an island of shape coexistence isotopes are available for Mg and Si isotopes. These shape coexistence solutions are predicted taking into account the intrinsic binding energy. However, the actual quantitative energy difference between ground and excited configurations can be given by performing configuration mixing (mixing such as in the generator coordinate method(GCM) [67] ) after the angular momentum projection [64] .
Two neutron separation energy (S
2 )
The appearance of new and the disappearance of known magic numbers near the neutron drip-line is a welldiscussed topic currently in nuclear structure physics [9, [68] [69] [70] [71] . Some of the calculations in the recent past predicted the disappearance of the known magic number N = 28 for the drip-line isotopes of Mg and S [72] [73] [74] [75] . However, magic number 20 retains its magic properties even for the drip-line region. In one of our earlier publications [76] , we analyzed the spherical shell gap at N = 28 in 44 S and its neighboring 40 Mg and 42 Si using NL-SH [77] and TM2 parameter sets [57] . The spherical shell gap at N = 28 in 44 S was found to be intact for the TM2 parametrization and is broken for NL-SH. Here, we plot the two-neutron separation energy S 2 for Ne, Mg, Si, and S for the even-even nuclei near the drip-line (Fig. 4) . The known magic number N = 28 is noticed to be absent in 44 S. On the other hand, the appearance of a sudden decrease in S 2 energy at N = 34 in the SHF result is quite prominent, which is not clearly visible in the RMF prediction. This is just two units more than the experimental shell closure at N = 32 [78] .
Superdeformation and low Ω parity doublets
The deformation-driving = 1 32 Mg, 34 Mg and for 46 Al, 47 Al are given (RMF solutions). For each nucleus, we have compared the normal deformed (β 2 ∼ 0 1 − 0 3) and the superdeformed configurations and analyzed the deformed orbits. 32 Mg and 34 Mg) and Fig. 6 for 47 Al and 46 Al. The occupation of neutron states (denoted by π ) in 47 Al and 46 Al is given in Table 7 . In both 47 Al and 46 Al two neutrons occupying oblate driving , enhancing the prolate deformation. It is to be emphasized that the deformations of occupied orbits of self-consistent SD solutions are larger (than their normal deformed counterparts) because of mixing among the shells. A β 
Structure of superdeformed configuration:
We discus some clear and important characteristics of superdeformed solutions ( β ∼ 0 5 or more) obtained in mean field models as compared to the normal solutions of smaller deformation. Since the lowering and occupation 
Some features of superdeformed solutions:
In normal deformed case, the deformed orbits of a major shell form a "band"-like set of orbits, distinctly separated from the major shell above and below (see Fig. 6 for 47 Al (β=0.09) and 46 Al (β = 0.125)). Thus physical states obtained from such intrinsic states of low deformation will be well separated in energy from those intrinsic states where excitation occurs across a major shell (a single nucleon excitation across a major shell means a change in parity and significant energy change for small deformation). The above mentioned "band"-like separation of orbits of major shells of unique parity is quite lost in the case of superdeformation (see Fig. 6 , β=0.653 of 47 Al and β=0.660 of 46 Al). The "band"-like orbits now spread in energy (both downward and upward) and orbits of successive major shells come closer to each other in energy; an intermingling of orbits of different parities (see Figs. 5, 6 ). This is a significant structural change from the case of small deformation. This has also been seen in the case of 84 Zr in a Hartree-Fock study [80, 81] . We would like to emphasize that in the self-consistent models (Skyrme-HF and RMF) the deformation of the nucleus is the result of the deformation of the selfconsistently occupied individual orbits:
The occupation of the more deformation-driving orbits from the shell above the valence space and the unoccupation of oblate driving orbits (e.g. 7 2 , = ± 7 2 ) contribute much to configuration mixing and the lowering of = 1 2 orbits and to generation of the quadrupole deformation. Because of the coming together in energy of = 1 2 + and 1 2 − orbits, it is easy to see that superdeformed intrinsic states of two different parities for a particular K quantum number can be formed which will be close to each other in energy. This will lead to parity doublets in band structures. For the neutron-rich nuclei being discussed here, the protons are quite well bound and possible low energy excitations will be those of neutrons near the Fermi surface.
where K and K are the K quantum numbers for proton and neutron configurations (K=K + K ).
Examples of parity doublet configurations:
We illustrate schematically a possible parity doublet of configurations for neutrons in Fig. 7 , the proton configuration |φ K > being fixed. We show here the last few neutron occupations of superdeformed solutions and rearrangements near the Fermi surface. In Fig. 7 32 34 Mg and 46 47 Al. In fact, it is to be noted that the Ω = 1 2 states of unique parity, seen to be clearly well separated in energy from the usual parity orbits in the normal deformed solutions, occur closer to them in energy for the SD states, showing a degenerate parity doublet structure. In fact, for the SD solution the orbits for small and large deformations in Fig. 5 . This can lead to parity mixing and octupole deformed shapes for the SD structures [80] . Parity doublets and octupole deformation for superdeformed solutions have been discussed for 84 Z [80, 81] . There is much interest for the experimental study of the spectra of neutron-rich nuclei in this mass region [82] . The highly deformed structures for the neutron-rich Ne-Na-Mg-Al nuclei are interesting and signature of such superdeformed configurations (with parity doublet structure) should be looked for.
Summary and conclusions
In summary, we calculate the ground and low-lying excited state properties, like binding energy and quadrupole deformation β 2 using RMF(NL3) formalism for Ne, Na, (Figs. 6, 5) .
Mg, Si, P, and S isotopes, near the neutron drip-line region. In general, we find large deformed solutions for the neutron-drip nuclei which agree well with the experimental measurement. The calculation is also repeated in the framework of nonrelativistic Hartree-Fock formalism with Skyrme interaction SkI4. Both the relativistic and non-relativistic results are comparable to each other for the considered mass region. In the present calculations a large number of low-lying intrinsic superdeformed excited states are predicted in many of the isotopes and some of them are reported. From the point of view of binding energy, i.e. the sudden fall in S 2 value, the breaking of the N = 28 magic number and the likely appearance of a new magic number at N = 34 were noticed in our non-relativistic calculations, in contrast with the RMF findings. This is an indication of more binding than the neighbouring isotopes. However to confirm N = 34 as a magic/non-magic number more calculations are needed. A deformed nucleus has a collective low-lying 2 + state. Also, a spherical nucleus can have a fairly low-lying collective 2 + state (e.g. Sn nuclei) because of quadrupole collectivity. In this study we find that, for the SD shape, the low Ω orbits (particularly Ω = 1 2 ) become more bound and nearly degenerate with the orbits of opposite parity, i.e. they show a parity doublet structure. Closely lying parity-doublet band structures and enhanced odd parity multipole transitions are possible for the superdeformed shapes.
